Let R be a commutative Noetherian ring, and let N be a non-zero finitely generated R-module.
Introduction
The important concept of integral closure of an ideal I in a commutative Noetherian ring R (with non-zero identity) has been proved very useful in many situations both in commutative algebra and algebraic geometry. Let I a denote the integral closure of I in R, i.e., I a is the ideal of R consisting of all elements x ∈ R which satisfy an equation x n + r 1 x n−1 + · · · + r n = 0, where r i ∈ I i , i = 1, . . . , n. In [21] , L.J. Ratliff, Jr., introduced the interesting set of associated primeŝ A * (I) := Ass R R/(I n ) a for large n, and he showed that this finite set has some nice properties in the theory of asymptotic prime divisors.
For a brief survey of developments on asymptotic prime divisors see Ratliff's interesting article [19] .
On the other hand let N denote a non-zero finitely generated R-module. In [25] , R.Y. Sharp et al. introduced the concept of integral closure of I relative to N , and they showed that this concept has properties which reflect some of those of the usual concept of integral closure introduced by Northcott and Rees in [16] . In this paper, we shall denote the integral closure of I with respect to N by I (N ) a . In [14] , it has been shown that the sequence Ass R R/(I n ) (N ) a of associated prime ideals, is ultimately constant: we denote its ultimate constant value by A * a (I, N ), called the asymptotic primes of I with respect to N . In the case N = R, A * a (I, N ) is the asymptotic primesÂ * (I) of I introduced by L.J. Ratliff, Jr., [21] .
In [17] , L.J. Ratliff, Jr., showed that the sets Ass R R/I n are equal for all large n, when R is a domain. Subsequently, M. Brodmann [1] showed that the sequence of sets Ass R N/I n N is ultimately constant for large n. We shall use A * (I, N ) to denote the ultimately constant value of the sequence Ass R N/I n N , called the persistent primes of I with respect to N . It is easily seen that both A * a (I, N ) and A * (I, N ) behave well under localization. We denote by R(I, R) the graded Rees ring R[u, It] := ⊕ n∈Z I n t n of R with respect to I, where t is an indeterminate and u = t −1 . Also, the graded Rees module N [u, It] := ⊕ n∈Z I n N over R(I, R) is denoted by N (I, N ), which is a finitely generated graded R(I, R)-module. The analytic spread of I with respect to N , over a local ring (R, m), is defined to be l(I,
Recall that, the elements x 1 , . . . , x n of a Noetherian ring R are called an asymptotic sequence over an ideal I of R, if I + (x 1 , . . . , x n ) = R and for all i = 1, . . . , n we have
The interesting concept of the asymptotic sequence over an ideal I of a Noetherian ring R was introduced by Rees in [23] , and he showed that this new sequence has some nice properties in the theory of asymptotic prime divisors. For instance, he proved that
with equality holding when R is quasi-unmixed; here s(I) denotes the maximum length of an asymptotic sequence over an ideal I of a local (Noetherian) ring R. Also, by Katz in [5] , it is shown that any two maximal asymptotic sequences over I have the same length and, in fact,
The main result in the second section is concerned with what might be considered a natural generalization of the above-mentioned result of Katz to modules. More precisely we prove the following result: Theorem 1.1. Let (R, m) be local, N a non-zero finitely generated module over R and I an ideal of R. Then the lengths of all maximal asymptotic sequences over I are the same and equal the number
Pursuing this point of view further we derive the following consequence of Theorem 1.1, which is a generalization of Rees' theorem in [23] . The notion of projectively equivalent ideals was introduced by P. Samuel in [24] and was deeply studied by Ratliff, McAdam, Katz, Okon and Sally. Projectively equivalent ideals have been studied in [11] , [7] , [6] , [22] , and have led to some interesting results. Two ideals I and J of a commutative Noetherian ring R, are projectively equivalent if for some positive integers n and m, (I n ) a = (J m ) a . In the third section, we extend the concept of projectively equivalent ideals with respect to a finitely generated module over a commutative Noetherian ring R. In this section, among other things, we show that if I and J are projectively equivalent ideals with respect to a finitely generated module over a commutative Noetherian ring R, then a sequence x := x 1 , . . . , x n of elements of R is an asymptotic sequence over I w.r.t. N if and only if it is an asymptotic sequence over J w.r.t. N .
Throughout this paper, R will always be a commutative Noetherian ring with non-zero identity, N will be a non-zero finitely generated R-module, and I will be an N -proper ideal of R, i.e.,
If (R, m) is local, then R * (resp. N * ) denotes the completion of R (resp. N ) w.r.t. the m-adic topology. Then N is said to be a quasi-unmixed module if for every p ∈ mAss R * N * , the condition dim R * /p = dim N is satisfied. For any unexplained notation and terminology we refer the reader to [4] or [12] .
Asymptotic sequences over ideals
Let (R, m) be a local (Noetherian) ring. Let N be non-zero finitely generated R-module and let I be an N -proper ideal of R. The purpose of this section is to prove that the lengths of all maximal asymptotic sequences over an ideal I with respect to N are the same. We begin with Definition 2.1. Let N be a non-zero finitely generated R-module. A sequence x = x 1 , . . . , x n of elements of R is called an asymptotic sequence on N if the following conditions are satisfied:
An asymptotic sequence x = x 1 , . . . , x n of elements of R (contained in an ideal a) on N is maximal (in a), if x 1 , . . . , x n , x n+1 is not an asymptotic sequence on N for any x n+1 ∈ R (x n+1 ∈ a). It is shown that (see [13, Proposition 3.5] ) all maximal asymptotic sequences on N in an ideal a have the same length. This allows us to introduce the fundamental notion of asymptotic grade, i.e., a grade(a, N ). These concepts of asymptotic sequence and asymptotic grade were independently introduced by Rees [23] and Ratliff [20] in the case N = R. We refer the reader to the book [8] for the nice properties about asymptotic sequences. Definition 2.2. Let N be a non-zero finitely generated R-module. A sequence x := x 1 , . . . , x n of elements of R is called an asymptotic sequence over I with respect to N if the following are satisfied:
Proposition 2.3. Assume that (R, m) is local, and let N be a non-zero finitely generated R-
for all integers n ≥ 1, there exists q ∈ A * a (IR * , N * ) such that q ∩ R = p. Therefore suppose that q ∈ A * a (IR * , N * ) such that q ∩ R = p. Then by [13, Remark 2.4] , and [8, Proposition 3.18] there exists z ∈ mAss R * N * such that z ⊆ q and q/z ∈Â * (IR * + z/z). Hence w := z ∩ R ∈ mAss R N and that z/wR * is a minimal prime of R * /wR * . Consequently q/wR * ∈Â * (IR * + wR * /wR * ), and so by [8, Proposition 3.16] , p/w ∈Â * (I + w/w). Now, since w ∈ mAss R N it follows that p ∈ A * a (I, N ), as desired.
Lemma 2.4. Let (R, m) be local, and let N be a non-zero finitely generated R-module. Let x 1 , . . . , x n be a sequence of elements of R. Then the following statements are equivalent:
. . , x n is an asymptotic sequence over I w.r.t. N .
(ii) x 1 , . . . , x n is an asymptotic sequence over IR * w.r.t. N * .
(iii) x 1 + z, . . . , x n + z is an asymptotic sequence over I + z/z for every z ∈ mAss R N .
Proof. First we show (i)=⇒ (ii). Suppose that there exists q ∈ A * a ((x 1 , . . . , x i−1 )R * , N * ) such that x i ∈ q. Therefore x i ∈ q ∩ R and by Proposition 2.3, q ∩ R ∈ A * a ((x 1 , . . . , x i−1 ), N ), which is a contradiction.
In order to show that (ii)=⇒ (iii), suppose that there exists z ∈ mAss R N such that such that q ∩ R = p. Hence x i ∈ q, which is a contradiction.
Finally, to prove that (iii) =⇒ (i), let x i ∈ p for some p ∈ A * a (I + (x 1 , . . . , x i−1 ), N ). Then there exists z ∈ mAss R N such that z ⊆ p and p/z ∈Â * (I + (x 1 , . . . , x i−1 ) + z/z). Therefore x i + z ∈ p/z, and so we obtain a contradiction.
Lemma 2.5. Let N be a non-zero finitely generated R-module. Let x 1 , . . . , x n be an asymptotic sequence over I w.r.t. N . Then x 1 + Ann R N, . . . , x n + Ann R N is an asymptotic sequence over the ideal I + Ann R N/Ann R N . Rees (see [16] ). Lemma 2.6. Assume that (R, m) is local, and let N be a non-zero finitely generated R-module. Let x 1 , . . . , x n be an asymptotic sequence over I w.r.t. N . Then l(I + (x 1 , . . . , x n ), N ) = l(I, N ) + n.
Proof. In view of [15, Lemma 2.2], we have
Since by Lemma 2.4, x 1 + Ann R N, . . . , x n + Ann R N is an asymptotic sequence over the ideal
Now using again [15, Lemma 2.2] we obtain
l(I + (x 1 , . . . , x n ), N ) = l(I, N ) + n, as required.
We are now ready to state and prove the main theorem of this section, which shows that the lengths of all maximal asymptotic sequences over an ideal I of a local ring R with respect to a finitely generated R-module N are the same. This allows us to introduce the notion of asymptotic cograde of I w.r.t. N , denoted by s(I, N ). Theorem 2.7. Let (R, m) denote a local (Noetherian) ring, and let N be a non-zero finitely generated R-module. Suppose that x 1 , . . . , x n is a maximal asymptotic sequence over I w.r.t. N .
Proof. Let z be an arbitrary element of mAss R * N * . Then in view of Lemma 2.4, x 1 +z, . . . , x n + z is an asymptotic sequence over IR * + z/z. Then it follows from [8, Corollary 6.2] that
Therefore by Rees' result (see [8, Lemma 4.3] ),
Now, since x 1 , . . . , x n is a maximal asymptotic sequence over I w.r.t. N , it follows that m ∈ A * a (I + (x 1 , . . . , x n ), N ). Hence, in view of Proposition 2.3, there exists z ∈ mAss R * N * such that
As R * /z is a quasi-unmixed ring, it follows from [8, Proposition 4.1] that height(mR
Consequently, height(mR * /z) = l(IR * + z/z) + n, and so
for some z ∈ mAss R * N * . This completes the proof.
Corollary 2.8. Let (R, m) be local, and let N be a non-zero finitely generated R-module. Let n be the length of a maximal asymptotic sequence over I w.r.t. N . Then Corollary 2.9. Let (R, m) be local, and let N be a non-zero finitely generated R-module. Then the following statements are equivalent:
(ii) For all ideals I of R, s(I, N ) = dim N − l(I, N ).
(iii) For all ideals I of R that is generated by height N I elements, s(I, N ) = dim N − l(I, N ).
Proof. In order to show (i)=⇒ (ii), let I be an arbitrary ideal of R, and let n be the length of a maximal asymptotic sequence over I with respect to N . Then by Theorem 2.7, there exists z ∈ mAss R * N * such that
Since N is quasi-unmixed, it follows from [15 Since height mR * /z = dim R * /z, it follows that dim N = dim R * /z for all z ∈ mAss R * N * .
Thus N is quasi-unmixed, and (i) holds.
Projectively equivalent of ideals
Let R be a commutative Noetherian ring, and let N be a non-zero finitely generated R-module.
The aim of this section is to prove that, if I and J are projectively equivalent ideals w.r.t. N , then a sequence x := x 1 , . . . , x n of elements of R is an asymptotic sequence over I w.r.t. N if and only if it is an asymptotic sequence over J w.r.t. N . We begin with Definition 3.1. Let N be a non-zero finitely generated R-module, and let I and J be ideals of R. We say that I and J are projectively equivalent w.r.t. N precisely when there exist positive integers m and n such that (I m )
Lemma 3.2. Let N be a non-zero finitely generated R-module, and let I and J be projectively N ) , where the intersection is taken over all the ideals J which is projectively equivalent with I w.r.t. N .
We are now ready to state and prove the main theorem of this section, which shows that if I and J are projectively equivalent ideals of a commutative Noetherian ring R w.r.t. a finitely generated R-module N , then a sequence x := x 1 , . . . , x n of elements of R is an asymptotic sequence over I w.r.t. N if and only if it is an asymptotic sequence over J w.r.t. N . Theorem 3.4. Let N be a non-zero finitely generated R-module, and suppose that I and J are projectively equivalent w.r.t. N . Suppose that x 1 , . . . , x n is an asymptotic sequence over I w.r.t.
N . Then x 1 , . . . , x n is an asymptotic sequence over J w.r.t. N .
Proof. We will prove this by the induction on n. When n = 1, the result follows from Lemma 3.2. Now suppose that n ≥ 1 and that the assertion has been proved for x 1 , . . . , x n−1 . By the definition, it is enough for us show that
To do this, let p ∈ A * a (I + (x 1 , . . . , x n−1 ), N ). We may assume that R is local at p. By Note that Ann R N ⊆ z. Consequently, height pR * /z = l(JR * + z/z) + n − 1.
Next, by induction hypothesis, x 1 , . . . , x n−1 is an asymptotic sequence over I w.r. (I + (x 1 , . . . , x n−1 ), N ) ⊆ A * a (J + (x 1 , . . . , x n−1 ), N ). A similar argument also works for the opposite inclusion.
